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Abstract

We studied the dynamics of an object sliding down on a semi-sphere with radius
R. We consider the physical setup where the semi-sphere is free to move over
a flat surface. For simplicity, we assume that all surfaces are friction-less. We
analyze the values for the last contact angle θ , corresponding to the angle when
the object and the semi-sphere detach one of each other. We consider all possible scenarios with different combination of mass values: mA and mB , and the
initial velocity of the sliding object A. We found that the last contact angle only
depends on the ratio between the masses, and it is independent of the acceleration of gravity and semi-sphere’s radius. In addition, we found that the largest
possible value of θ is 48.19◦ that coincides with the case of a fixed semi-sphere.
On the opposite case, the minimum value of θ is 0◦ and it occurs then the object
on the semi-sphere is extremely heavy, occurring the detachment as soon as the
sliding body touches the semi-sphere. In addition, we found that if the initial
kinetic energy of the sliding object A is half the value of the potential energy
with respect to the floor. The object detaches at the top of the semi-sphere.
Keywords: Newtonian mechanics, equation of motions, vectorial mechanics,
reaction forces, frictionless sliding
(Some figures may appear in colour only in the online journal)
1. Introduction
In courses of Newtonian mechanics for engineers and physics students at undergraduate level,
the concepts behind Newton’s laws are key for understanding the kinematics of objects under
the effects of forces. Indeed, in courses focuses on engineering, there is preference to solve
problem using only Newtonian mechanics instead other possible approaches like Lagrangian
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or Hamiltonian mechanics. No matter the approach, it is troublesome for the students to understand the interplay between objects in contact due to the presence of reaction forces in cases
where the contact surfaces are not flat. At the undergraduate course level, the focus on the study
of vectorial mechanics is crucial for dealing with challenging problems like ones involving
many bodies and the use of different vectorial basis at the same time, like Cartesian, cylindrical,
and spherical basis.
The problem of an object sliding down on a circular path is an academic example to teach
such concepts [1–3]. Similarly, the problem of an object descending on a flat surface with
a slope is another common example oriented to teach relative motion in terms of relative
position, velocity, and acceleration. However, sometimes there are variations on this class of
problems by allowing the inclined plane to be affected by the reaction force between the object
and the inclined plane (see problem 15–98 of [3]). In the literature, similar problems have
been addressed with different approaches like the use of Lagrangian mechanics [4], including
friction [5–7], or the experimental demonstration [8].
In this manuscript, we consider the situation of a moving semi-sphere, which is initially at
rest, where its movement is due to the reaction force of an object sliding down on top of it.
The manuscript is organized as follows: in section 2, we present the solution for the standard
case, where the semi-sphere remains still, in addition, we use the result as benchmark for the
moving setup. In section 3, we present the solution and analysis for the moving semi-sphere.
Finally, section 4 are the conclusions.
2. System with fixed semi-sphere
At a first stage, we consider the situation when semi-sphere B remains still (see figure 1).
This is a known problem taught in courses of Newtonian mechanics at the university level.
The equations of motion for the object A are constructed using the second Newton’s law and
correspond to:

A +W
 A = mAaA ,
FA = N
(1)
 A is the reaction force between objects and W
 A = −mA g k̂ is the weight with g the
where N
gravity’s acceleration. While the object A is in contact with the semi-sphere B, it moves along
the surface following a circular path. The acceleration aA is then obtained by
aA = α
 × r + 
ω × (
ω × r) ,

(2)

where α
 and 
ω are the vectors of angular acceleration and angular velocity, respectively. For
simplicity, the movement of A is two-dimensional and occurs along the plane defined by the
unit vector ı̂ and k̂. Therefore, we will use a vectorial cylindrical basis defined by:
r̂ = cos θ k̂ + sin θ ı̂,

(3)

θ̂ = − sin θ k̂ + cos θ ı̂,

(4)

where θ is the angle between k̂ and r̂. Notice that the three-dimensional vectorial basis maintains the right-hand rule convention, such as k̂ × ı̂ = r̂ × θ̂ = ĵ. In addition, this basis is
different to the standard cylindrical basis, so the reader might be cautioned about this fact.
The acceleration aA in the cylindrical basis corresponds to
aA = αR θ̂ − ω 2 R r̂,

(5)
2
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Figure 1. (Left) Physical situation on the object A sliding down over a fixed semi-sphere

B. The semi-sphere B does not present friction. Forces acting on A are shown in blue.
(Right) Vector basis description.

when α
 = α ĵ and ω
 = ω ĵ.
The equations of motions are in terms of the r̂ and θ̂ components:
NA − mA g cos θ = −mA ω 2 R,

(6)

mA g sin θ = mA αR.

(7)

For the setup in figure 1, the angular velocity and acceleration are related to the angle θ by:
ω = θ̇,
α=

(8)

dθ̇
θ̇.
dθ

(9)

Using the latter expressions, the equations of motion are reduced to a couple of differential
equations:
NA
g
cos θ −
= θ̇ 2 ,
R
mA R

(10)

g
dθ̇
sin θ =
θ̇.
R
dθ

(11)

These equations are further simplified via the substitution: f (θ) = θ̇2 , f  (θ) = d f /dθ = 2θ̈,
and κ = g/R; obtaining:
NA
= f (θ),
mA R

(12)

2κ sin θ = f  (θ).

(13)

κ cos θ −

Since the function f (θ) corresponds to the square of the angular velocity, the kinetic energy of
A corresponds to
T=

1
mA R2 f (θ),
2

(14)

providing that the total mechanical energy is:
E=

1
mA R2 f (θ) + mA gR cos θ.
2
3

(15)
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Depending on the program of content in a vectorial mechanics course, the concept of
mechanical energy may not be seen. However, besides the resolution using equation of motion,
this problem can be also solve using in addition conservation of energy.
2.1. Solving the equations of motion

These equations are simply solved by integrating over the θ angle in equation (13) and after
by replacing in equation (12). When considering the initial conditions:
θ(t = 0) = θ0 = 0,

(16)

2

(17)

θ̇ (t = 0) = f (θ0 ) = 2κ ,
then the reaction force and the angular velocity squared are:
NA = mA g (3 cos θ − 2(1 + )) ,
f (θ) = θ̇2 = 2κ (1 + − cos θ) .

(18)
(19)

We introduce the parameter to further simplify the solutions, however, it is related with the
initial kinetic energy:
=

T0
,
mA gR

(20)

and it can be interpreted as the ration between the initial kinetic energy and the initial potential
energy. It is important to remark that the initial position, θ(t = 0) = 0, is an unstable equilibrium point. In order to break the symmetrical evolution of sliding down to any side of the
semi-sphere, it is important to indicate an initial direction of movement by means of the value
of .
The equations of motion are valid only for the regimen when N A  0 and describe the object
A moving over the semi-sphere. The case N A = 0 sets the last contact angle θ that in this case
corresponds to:
cos θ =

2
(1 + ) .
3

(21)

This general solution allows us to set a maximum value of for which the object A detaches
at the beginning of the movement (cos θ = 1):
max

=

1
,
2

(22)

which sets the maximum angular velocity to be:
θ̇(t = 0) =

√
κ.

(23)

This sets the maximum initial kinetic energy to be:
T0max =

1
mA gR,
2

(24)

which corresponds to half of the initial potential energy.
4
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Figure 2. (Left) Physical situation on the object A sliding down over a moving semi-

sphere B. The semi-sphere B does not present friction with both: object A, and the flat
surface. Forces acting on A are shown in blue. Forces acting on B are shown in dark pink.
Accelerations are displayed in orange. (Right) Unit vector basis description.

In the limit, → 0, which means that movement starts at rest, the last contact angle becomes
independent of R and g, and gives the value:
cos θ =

2
→ θ  48.19◦ .
3

(25)

This value is a known result in the frictionless scenario, and the problem corresponds to
an exercise in books [1–3]. A more complete case, that includes friction, can be seen in [5].
This result represents a benchmark value to compare with the following case of a moving
semi-sphere.
3. System with a moving semi-sphere
In this part, we allow the semi-sphere to freely move over a friction-less surface. Therefore, the
aim is to calculate the value of the last contact angle θ  under these new conditions. Figure 2
shows the physical setup.
3.1. Equations of motions

Similarly to the previously presented case, the object A is affected by its weight and the reaction
force with the semi-sphere. Therefore, the equation of motion for A is:

FA = N
A +W
 A = mAaA .
(26)
On the other hand, the semi-sphere B is now free to move and its equation of motion is given
by:

FB = N
B −N
A +W
 B = mBaB ,
(27)
 B = −mB g k̂ is its
 B is the reaction force between the floor and the semi-sphere and W
where N
weight.
The movement of the semi-sphere B is only horizontal, therefore, the acceleration corresponds to aB = aBx ı̂ as well as its velocity v B = vBx ı̂. It is also important to remark that
aB = aO because the semi-sphere B also non-rotating.
5
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On the other hand, the acceleration of the object A with respect to the floor i.e. the rest frame
is computed through the acceleration of B and the relative acceleration between objects:
aA = aB + aA/B ,

(28)

aA = aB + α
 × r + 
ω × (ω × r) .

(29)

While the object A is in contact with the semi-sphere B, the relative movement of A with respect
to B is a circular motion. Therefore, we can write the acceleration of A in term of the cylindrical
components:
aA = aBx ı̂ + αR θ̂ − ω 2 R r̂.

(30)

Up to this point, the acceleration of A in the cylindrical basis is:


aA = aBx sin θ − ω 2 R r̂ + (aBx cos θ + αR) θ̂,
which allow us to get the full set of equations of motion. 2 equations for the object A:


NA − mA g cos θ = mA aBx sin θ − ω 2 R ,
mA g sin θ = mA (aBx cos θ + αR) ,

(31)

(32)
(33)

and 2 more for the semi-sphere B:
−NA sin θ = mB aBx ,
NB − NA cos θ − mB g = 0.

(34)
(35)

After inspection, the last 2 equations lead to:
aBx = −

NA sin θ
,
mB

(36)

NB = mB g + NA cos θ,

(37)

and these can be used to reduce the full set of equations of motion to only two equations:


mA sin2 θ
= f (θ),
1+
mB

(38)

2NA
2g
sin θ +
sin θ cos θ = f  (θ),
R
mB R

(39)

NA
g
cos θ −
R
mA R

where f (θ) = θ̇2 and f  (θ) = 2θ̈. Notice, we use the same relations for the angular acceleration
and velocity with respect to the angle θ: α = θ̈, and ω = θ̇.
The function f (θ) is related to the kinetic energy of A only if the semi-sphere B is at rest.
In a general case, the kinetic energy of A depends on the velocity of the semi-sphere and the
relative velocity between objects:
TA =

2
1
1 
1
mA vA2 = mA v B + v A/B = mA (v B + ω × r)2 ,
2
2
2

6
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where in terms of f (θ), it corresponds to:
TA =


1  2
mA vB + 2vB cos θR f (θ) + R2 f (θ) ,
2

and with it, we can obtain the total mechanical energy of the system:

mB 2 mA  2
E=
vB +
vB + 2vB cos θR f (θ) + R2 f (θ) + mA gR cos θ.
2
2

(41)

(42)

3.2. Solving the equations of motion

The solution of the system of equation cannot be performed as in the fixed semi-sphere case
because the reaction force N A is present in both equations, and it depends on the angle. Nevertheless, the reaction force N A can be isolated from the equation (38) and be written in terms
of the dynamical variables:
NA (θ) = mA R

κ cos θ − f (θ)
,
1 + β sin2 θ

(43)

where β = mA /mB is the ratio between the masses and κ = g/R is the ratio between the acceleration of gravity and the radius of the semi-sphere. Here, the reaction force depends on the
square of the angular velocity encoded in f (θ).
After removing the explicit dependence of N A in the equation (39), we get the differential
equation for f (θ):
1 + β sin2 θ 
f (θ) + β cos θ f (θ) − κ(1 + β) = 0.
2 sin θ

(44)

This differential equation is analytically solvable and has the solution:
f (θ) =

2κ(1 + β)(1 − cos θ) +
,
1 + β sin2 θ

(45)

when the initial conditions: θ(t = 0) = 0 and f (θ0 ) = 2κ are included. Here, the parameter
is related to the kinetic energy of the object A in the same way as in the previous section
(equation (20)). This is because the semi-sphere B is initially at rest.
Let us remark that this solution is valid for, N A (θ)  0 and it holds for angles 0  θ  θ 
π/2 where θ corresponds to the last contact angle.
3.3. Finding the last contact angle

The angle θ  can be obtained by solving the following equation:
NA (θ ) = mA R

κ cos θ − f (θ )
= 0,
1 + β sin2 θ

(46)

where f (θ ) is the solution of the differential equation evaluated at θ (equation (45)). This
leads to the following equation to solve for θ :
κ cos θ = f (θ ) =

2κ(1 + β)(1 − cos θ ) +
.
1 + β sin2 θ
7
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Figure 3. H(ξ) versus ξ for combination of the parameters: τ = 0, 1/2, 1 and

=0
(solid lines), 1/3 (dashed lines). The green dashed line correspond to = 1/2 and τ = 0.
The intersection of each curve H(ξ) with the horizontal black line (H(ξ) = 0) produces
the solution where ξ = cos θ .

This equation can be written as a depressed cubic equation for ξ = cos θ as follows:
π
π
τ ξ 3 − 3ξ + 2 + 2 cos2
τ = 0,
H(ξ) = sin2
2
2

(48)

where the H(ξ) function is just a reparameterization of equation (47) in terms of adimensional
parameters.
We introduce the τ -parameter ranging 0  τ  1 that simplifies the expressions better than
the mass ratio mA /mB such as:
π
mA
β=
τ .
(49)
= tan2
mB
2
At the extremes values of τ , we obtain that τ → 0 corresponds to β → 0 meaning the case of
a heavy semi-sphere which is equivalent to the fixed semi-sphere case. Similarly, when τ → 1
corresponds to β → ∞ meaning the scenario where object A is extremely heavy with respect
to the semi-sphere. In figure 3, we present the function H(ξ) for various values of τ .
The analysis of the equation (48) reveals the maximum value that can take. To find this,
we evaluate the function H(ξ) in ξ = 1 (θ = 0):
π
H(1) = (2 max − 1)cos2
τ = 0,
(50)
2
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obtaining that for the range 0  τ < 1, the maximum value is:
max

=

1
,
2

(51)

which is same the same limit obtained in the fixed semi-sphere case. This means that the kinetic
energy of A can be at most half of the initial potential energy in order to get the object A sliding
down the semi-sphere B. This is regardless of the mass ratio β.
As stated before, the limit of fixed semi-sphere is reached when τ → 0 and it corresponds
to the mass limit: mA → 0 or mB → ∞. In this limit, equation (48) corresponds to:
−3ξ + 2 + 2 = 0,

(52)

with solution:
ξ = cos θ =

2
(1 + ),
3

(53)

corresponding exactly to equation (21). This case agrees with the solution for the fixed semisphere described in section 2, and it indicates the limit β is equivalent to restrict the movement
of B to be fixed in a point.
The other limit, τ → 1, gives the equation:
ξ 3 − 3ξ + 2 = (ξ + 2)(ξ − 1)2 = 0,

(54)

with three real solutions: ξ 1 = 1, ξ 2 = 1, and ξ 3 = −2. The solution with physical meaning are
ξ 1,2 , both correspond to an angle θ  = 0. This means when mA → ∞ the angle of last contact
between A and B is at the top of the semi-sphere and happens at the beginning of the movement.
In this case, the semi-sphere moves fast enough to not be in contact with the object A.
For the intermediate cases, 0 < τ < 1 and = 0, the solutions for equation (48) corresponds
to:
2
 ,
1 + 2 cos π3 τ
√
 
 
3 cos π6 τ − sin π6 τ
 
,
ξ2 =
sin π2 τ
√
 
 
3 cos π6 τ + sin π6 τ
π 
ξ3 = −
,
sin 2 τ
ξ1 =

(55)
(56)
(57)

which are obtained by analytically solving the depressed cubic equation. However, in order
to get the real values the solutions of equation (48) need to be rephased by eiπ/3 when the
equation is solved via the Vieta’s substitution [9]. From the 3 roots, ξ 1 has a physical meaning:
ξ 1 = cos θ while the other 2 roots give values outside the physical range 0  ξ  1.
The approach to analytically solve H(ξ) = 0 might be hard to perform by students. An
alternative approach and much easier might be by using a numerical code, for example, written
in python (see appendix A).
The dependence of the last contact angle θ in terms of τ and is shown in figure 4. We
observe that the solution of the cubic equation include the extreme limits, like the fixed semisphere (τ = 0) for different values of .
In addition, the value of θ indicates that the largest possible value for any configuration
of masses corresponds to the fixed semi-sphere case and the lowest corresponds when mA →
9
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Figure 4. Last contact angle θ versus τ . Red line shown the functional dependence
in τ for = 0, the brown line corresponds to the case when = 1/3, and blue line for
= 1/2. The gray dashed line indicate θ  = 48.19◦ which corresponds to the solution
of the fixed-sphere case.

∞ or mB → 0 producing an extreme situation where the semi-sphere B and the object A get
immediately detached upon the first contact.
Moreover, the dependence of θ in terms of the value of gives a interesting situation that
implies that the object A can only remain in contact with the semi-sphere if its initial kinetic
energy is, at most, half of the initial potential energy. This can be appreciated in figure 4 where
the blue line gives the value θ = 0 for all possible values of τ .
4. Conclusions
We present the analytical solution of finding the last contact angle for the problem of an object
sliding down on a semi-sphere of radius R where the semi-sphere is on a friction-less surface.
The approach used to solve the problem is in terms of Newtonian mechanics and concepts of
vectorial mechanics, which are topics familiar to undergraduate students of engineering and
bachelor in physics. The key effect to consider is the reaction forces between the object and
the semi-sphere. This force provokes the semi-sphere to move horizontally and the object A to
descend, keeping contact with the semi-sphere. If the velocity of the object A is larger enough
that the reaction force between the object and the surface is null, then both objects detach one
of each other. The angle in which that occurs is the last contact angle, and it was calculated
analytically.
mA ) gives the maximum
We found that the case of a fixed semi-sphere (equivalent to mB
possible last contact angle among any physical configuration of masses. In addition, we found
10
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that this angle depends only on the ratio of the masses mA and mB and it is independent of the
value of the acceleration of gravity or the radius of the semi-sphere.
In addition, we include the effect produced by the initial velocity that the sliding object
might have. This effect is parameterizes in terms of the quantity, , which is the ratio between
the initial kinetic energy and the potential energy. We found also that if the kinetic energy
is larger than 1/2 of the initial potential energy, then the sliding object detaches at the very
beginning of the movement.
The problem discussed in this manuscript present a general physical scenario that might
be worth to be used as an example for enthusiast students in courses of Newtonian mechanics
at the undergraduate or graduate level. In addition, to verify experimentally might also be
interesting.
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Appendix A. Python code
Here, we present an example of a code in python for solving equation (48) and return the value
of the last contact angle in degrees.
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